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Figure sources: “A brief survey of tensors” by Berton Earnshaw and NVIDIA Tensor Cores
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Applications of Tensor Methods
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o Data analytics and compression

Natural language processing, healthcare analytics, social network analytics, brain signal processing, and
deep learning

o Scientific computing
Quantum chemistry, computational physics, quantum mechanics
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Tensor Decomposition for Anomaly Detection
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Tensors & Decompositions

o Tensors, multi-way arrays, provide a natural
way to represent multi-relational data.

Special cases: matrices, vectors
Tensor mode or order: tensor dimension.

Data tensors in applications are usually SPARSE,
meaning consisting mostly of zero entries.




Tensors & Decompositions

o Tensors, multi-way arrays, provide a natural o Tensor decompositions: the natural generalization of
way to represent multi-relational data. matrix decompositions in data mining to tensors.

Special cases: matrices, vectors Singular Value Decomposition (SVD)

Tensor mode or order: tensor dimension. - o ~

Data tensors in applications are usually SPARSE, Amen=
meaning consisting mostly of zero entries.
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Mode Orientation

o Each mode has similar program behavior.

Better not to favor any mode over the other.
Matrix case: Do both matrix-vector multiplication and matrix-transpose-vector multiplication.

Mode-Specific

J Row-oriented (CSR)
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The condepts Mode specilic and mode-gefleric orientafions are inhertied from [Baskaran et a. 20121 ‘/ Efficient x In-efficient

[Baskaran et al. 2012] M. Baskaran et al., “Efficient and scalable computations with sparse tensors,” HPEC2012 7



Mode Orientation

o Each mode has similar program behavior.

Better not to favor any mode over the other.
Matrix case: Do both matrix-vector multiplication and matrix-transpose-vector multiplication.

Mode-Specific Mode-Generic
J Row-oriented (CSR) Coordinate (COO)
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Mode Orientation

Tensor decomposition Mode-Specific Mode-Generic

Kernel in Mode-1 Mode-1 oriented (CSF/FCOOQO) Coordinate (COO)
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o

o

o

Current Sparse Tensor Formats

COQO: coordinate formats [Bader et al., 2006]

CSF: Compressed Sparse Fibers, extension of CSR. [Smith et al. 2015]

F-COOQO: Flagged COO format [Liu et al., 2017]
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Mode-Specific Tensor Formats

o Three CSF/F-COO representations are required/preferred for three MTTKRPs.
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Mode-Specific Tensor Formats

o Three CSF/F-COO representations are required/preferred for three MTTKRPs.

Tensor Kernel in Mode-1 C® @
Decomposition
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Mode Orientation

Tensor decomposition Mode-Specific Mode-Generic
Kernel in Mode-1 Mode-1 oriented (CSF/FCQOQ) Coordinate (COQ) HiCOO
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HiCOO Format

o Store a sparse tensor in units of small sparse blocks

Shorten the bit-length of element indices

Compress the number of block indices

i j kval | bptrbi bj bk ei ¢ ek val

o[ofo[1] :} [o|ofo[o[o]o]of1]

o[1]0]2] :]B1 o[1]o]2]}

110/03] i} 1/0/0]3]}

110/2|4| ' E OO0 T I TI0l014[
2[1]0[5] ' g3|4|1]0]0]0]1]0]5

2[2]2]6] ! 170117

3[0[1]7] ' o,/6]1]1[1]0]0]0]6
3/3(218 . B4 1111018 Block size: 27272
COO HiCOO
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HiCOO Format

o Store a sparse tensor in units of small sparse blocks

Shorten the bit-length of element indices
Compress the number of block indices

i j kval bptr bi bj bk e1 ¢ ek val
oloflof1] : |o|o|o|lo|o|O|O]1
o[1]0[2] (BT 0[1]0[2
1/o[0[3] 1]10]0[3
1]0(2(4] (B2)3]0[0[1[1][0[0]4
2[110(5]| i\/av4|1]0]o[0][1]0]5
{ B3
2226;0 110]1]7
3[0(1[7] ,sxN6[1]1][1]0]0]0[6
{ B4
332850 11708
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HiCOO Format

o Store a sparse tensor in units of small sparse blocks

Shorten the bit-length of element indices
Compress the number of block indices

block indices @ element indices

32-bit bit
i j kval ( fei ¢ K)val
ololof1] olololo|ol0]o]1
o[1]o[2] : BT 0l1/0]2
1lolo]3] 11o]0]3
1101214l ' B2[3|olol1]1]0]0]4
2[1]0][5] ' g3|4|1][0]0[0]1]0]5
2[12121]6] 110117
3[0[1]7] © gal6T[T[T[O]0[O]6
3[3[2[8] 111]0]8
COO ’ HiCOO

I=Dbi * B + el
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HiCOO Format

o Store a sparse tensor in units of small sparse blocks

Shorten the bit-length of element indices
Compress the number of block indices
For arbitrary-order sparse tensors.

32-bit | -bit |
i j koval (bi bj bk)ei ¢j ek)val

olofof1]: |o|of[ojo|o0|O]0O[1

0/1/0]2) @ B /1012 For the tensor: Reduce its storage
110[{0|3] : 1/10]/0]3 .

To>Tal ' B2310lolT 1 Tolo0l2 and memory footprints

2(1(0|5 411(0/0[{0[1|0]5 _ _
2121216 53 11011 17 For matrices: Better data locality
3[0[1[7] | a,[6]7[7]7[0[0[0]6

313(2(8] : 111[0[8

COO | HiCOO

I=Dbi * B + el
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Format Conversion

IB it ‘/6 float /B long|7 'B int /6 byte ‘/6 float
i j k val i j k val bptr i j k val bptr b1 by bk e1 ¢ ek val
0/0[0(1 0/0[0]1 ol o] o]o]1 o|ojojo|o|0[0]1
01|02 01|02 011012 B1 01|02
110{0]3|Z-Order| 10|03 110|013 110(0|3
110|2[4] Sorting [ 1] 0|2 ][4 |Partitionf 311724 |Compress B2|3/0|0|1|1{0|0|4
2105_>2105_’42105_’3341000105
2121216 3|10(1(7 3/0(1(7 110]1[7
3/0(1 (7 2121216 612(2]2]6 B461110006
3/3(2]|8 313|218 3/3(2]|8 111]0]8
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MTTKRP Operation

O Matriced Tensor Times Khatri-Rao Product (MTTKRP)

Tensor .
Matricization Khatri-Rao Product © Khatrl-RaO PrOdUCt
A D« CoB
A(—X(l)(CGB) N T/
T \ / Matrix
Updated Factor Matrix R R R
Factor Matrix |
! J
| €1
| !
C B
. 5
~ X
R LY,
r MTTKRP is the performance bottleneck of

B CP decomposition.
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COO-MTTKRP

Tensor
Matricization Khatri-Rao Product
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COO-MTTKRP

Tensor
Matricization Khatri-Rao Product
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COO-MTTKRP

Tensor
Matricization Khatri-Rao Product
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COO-MTTKRP

Tensor
Matricization Khatri-Rao Product
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COO-MTTKRP

Tensor
Matricization Khatri-Rao Product

| / Ix
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COO-MTTKRP

Tensor
Matricization Khatri-Rao Product

| / Ix
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HICOO-MTTKRP

Tensor
Matricization Khatri-Rao Product
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HICOO-MTTKRP

Tensor
Matricization Khatri-Rao Product
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Tensor

HICOO-MTTKRP

Matricization Khatri-Rao Product
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HICOO-MTTKRP

Tensor
Matricization Khatri-Rao Product
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Two-level Blocking for Efficient Thread Parallelism

o Use two-level blocking strategy

Large superblocks (logical) + small blocks (physical)

superblock

bptr bi bj bk ei e ek val

0(0{0|0|O0O|O0|O0O |1
BO 0(1T]0 ]2
= 110(0]3
Il
B1 |3|0(0(1]|1]0(0 (4
=
i 3D 4 O[0]|1(0]5
M 1T10(1[7
6(1|11T{1[0]0]|0|6
B3
1{1]10]8

HiCOO
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Two-level Blocking for Efficient Thread Parallelism

o Use two-level blocking strategy

Large superblocks (logical) + small blocks (physical)

To avoid using locks, we schedule superblocks according to
scheduler with two parallel strategies (direct + privatization).

Increase only a bit extra storage.

superblock
bptr bi bj bk ei e ek val
0|0|0|0O (0[O0 |1
BO 0|1]0]2
';' 0,0 1(0(0 (3
B1 |3|]0(0|1T]|1({0|0 |4
[T
: gy |4 0{0[1]|0]5
H 11011 |7
) 6|1|1]1]0]|0|0]6
J = B3
1111018

HiCOO

<

No Write Conflicts

>

iter 1 iter 2 iter 3
SBO | €| SB4 | €«<>»| SBS
SB1 | €«»| SB5 | €<>»| SBY
SB2 | €»| SB6
SB3 | €| SB7

Write Conflicts

Superblock scheduler
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Platform and Dataset

o Platform: Intel Xeon CPU E7-4850 v3 platform consisting 56 physical cores with ICC
18.0.2 and parallelized by OpenMP.

o Dataset: FROSTT [Smith et al. 2017], HaTen2 [Jeon et al. 2015], and healthcare data.

DESCRIPTION OF SPARSE TENSORS.

Tensors  Order Dimensions #Nonzeros Density
nell2 3 12K x 9K x 29K 2.4 x 107°
choa 3 712K x 10K x 767 f2IM\  5.0x 10°°
darpa 3 22K x 22K X 24M [ 28M | 24x107°
fb-m 3 23M x 23M x 166 [ 100M 1.1 x 107
fb-s 3 39M x 39M x 532 . 140M 1.7 x 10~ 1°
deli 3 533K X 17TM x 2.5M 140M 6.1 x 10~ 12
nelll 3 3M x 2M x 25M 144M 9.1 x 10~ 13
crime 4 6K X 24 X 77 X 32 SM 1.5 x 102
nips 4 2K x 3K x 14K x 17 . 3M 1.8 x 10~
enron 4 6K X 6K x 244K x 1K |\ 54M | 5.5 x 107°
£lickr 4 320K x 28M x 2M x 731  \113M/ 1.1 x 10~ ¢
deli4d 4 533K X 17TM x 2M x 1K 4.3 x 10~1°
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Multicore MTTKRP

o ParTl! library: Speedups of HICOO over COO

AN

___________________________________________________________________________________________________

w

6.8x

N
g
m

log,(speedup)

mode '1'"2"3;{'1"2"3"123123{123}12312312341234123411234[1234
nell2 ' choa 'darpa! fbo-m | fb-s | deli ! nell crime nips enron flickr deli4d

3-D Tensors 4-D Tensors

Average
speedup
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Multicore MTTKRP

o ParTl! library: Speedups of HICOO over COO

5 ____________________________________________________________________________________________________
|
|
(7= 200 1 ;"-"' """"""""""" = =
> m - [ m B [ |
T 3 foeeeeomeeeooooos S ERECEEEEETEEEE m e
8 . - = m . [ u - |
A U 6.8x
~ . m T - | [ ] -
= B ERGGRGECRTRETELES .- T EEEEEE TR SRR
o O IIIIIIIIIIIIIII .I I.I.I. IIIIIIIIIIIIIIIIIIIIII
mode '1"'2"3'{'1"2"3"'1"?3"1'"2"3'{1"2'5}'1"2"3"1'"2"35'1"2"é"4"1'"2"3"21"1"i"3"ﬂ'1"2"'3"4[1"2"3'2[
nell2 ' choa 'darpa! fbo-m | fb-s | deli ! nell crime nips enron flickr deli4d
3-D Tensors 4-D Tensors

o SPLATT library: Speedups of HICOO over CSF SAF\)/:Q?;

4 - DR e
|
_____________________________________________________________________ U
a 3 | -
|
'g 2 """" | " ™ T R e LT w7
8 1 o n o o . u m
Q. i i e i
&N u .. "= . u - - 3'1x
m O IIIIIIIIIIIIIIIIIIIIIIIII .I. IIIIIIIIIIIIIII
e T —
I e A e e .- - W----g-
I Rl B et etk (SRR N SR iy 2<% T P --B
mode ™ [1 2 3{1 2 3‘1 2 3[1 2 3[1 2 3 T=9m=3 123 4(1234|123 4‘ T GedeletT 3
nell2 ' choa 'darpa! fbo-m ! fb-s | deli | nelll crime nips enron flickr deli4d
3-D Tensors 4-D Tensors
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HICOO Optimization Breakdown

o Z-order sorting: +18%
o Index compression: +20%
o SIMD: +22%

Mo I oo
.Sé) 0.8 - ] sorting
; ) compression
S 0.6
A B SIMD
c 04| —
S
< 0.2
0.0

nell2 choa darpa fb-m fb-s deli nelll
Tensors
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Thread Scalability

o Thread scalability of parallel COO, CSF, and HiCOO
MTTKRPs on two representative cases.

o HICOOQO achieves the best scalability.

5_ _ g HICOO 4 - _ g HiICOO
CSF
—~ O
24 00 3
D3k 2
o
Q2 25
S1F
O ] O -
0 —Z2 "8 14 28 56 =1 2 4 8 14 28 56
#Threads #Threads
tensor fb-s in mode 3 tensor choa in mode 1

(shortest mode) (longest mode)

40



Multicore CP-ALS

o HICOOQ outperforms COQO by 6.2x and CSF up to 2.1x on

average.
Speedup over CSF (higher is better)
4D
4.00-
2.00-
1.00-
el fell2 cfloa
r!l1 c@oa
0.50-
COO &
dgrpa @TS I@ps d&4d
0.25- = oime COO déliad
nell flickr
efron
1' 5 i 5 ;

Compression ratio relative to CSF (higher is better)

41



HiCOO Parameters

Parameters Meaning Preferable values
. ﬁint_ﬁbyte
04 Block ratio  Tensor storage @ small o, <
’ "Bt By /N
E int long
— Average slice -
Ch size per tensor ~ Memory traffic  large
WhiAAl,
L Superblock size Parallel granularity  depends
Blocksize  Datalocalty ~ B<—-ash
ock size ata locali < g
B y NRﬁﬂoat
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HiCOO Parameters cont.

o Reorder a sparse tensor to obtain denser blocks. No reordering

Tensors o - T

o Better for cache utilization and HiICOO algorithm performance. -~ b -
vast | 0.003 2.210 8
nell2 | 0.020 0302 10
choa | 0.023 0.070 10
P o e darpa @ 0.217 0.016 15
e o - .- fo-m | 0.416 0.011 18
S, A - . . fo-s | 0456 0.010 18
R S S [ e M . ickr LO3SR.__ 0. 13
I L e I R o : 16
i SN, SNSRI .- A : 0.008,.7 18
mode” (172 3[1 2 311 23[1 2 3[1 2 SramaprE 3 (12 3 4123 4|1 2 3 4T T T 4 crime | 0.000 666.892 4
nell2 ' choa dar?)paD_Ifb—m fb-s | deli ! nell1 crime nstT enron flickr deli4d uber | 0.000 0.998 4
e mer nips | 0.016 0416 7
Speedups of HICOO over CSF enron | 0.037 0.031 8
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32-bit
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bptr bi bj bk ei

i ek val

0

0

O|—-|1O0|=|-10

| OO | =[O |OC|—|O

OO0 |O|O|OC|O|O

Ol |IN|Un | pA|WIN

(b) HICOO

HICOO: Hierarchical Storage of Sparse Tensors

o Neutral mode orientation format for arbitrary-order sparse tensors.
o Code: https://github.com/hpcgarage/ParT]
o Future steps:

Extend to sparse TTM and Tucker decomposition.
Optimize HICOO-MTTKRP on GPUs.
Accelerate tensor reordering and format construction process.

A haiku for HICOO
— By Richard W. Vuduc

Flexible format
Of hierarchical sparse blocks
Small, and often fast

SUNLAB


https://github.com/hpcgarage/ParTI
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